






STAT 285 - Mar 19/26

.............................................. INST BOXIN TANG:	All right.	Last time we starting
chapter, chapter 4 [waiting for you]....

Approximation -- if it is, it does not have T distribution, maybe we can approximate it using the T distribution.	And...degrees of freedom for some
degree of freedom mu.	This is mu.	It's hard to read,

but it's mu.	The Greek letter, it's like this one,

you trade Nu.	Look like gamma, but it's not gamma but this is what Behrens-Fisher figured.	If it's not T distribution, then why don't we try to approximate the true distribution with a T distribution?	So this is the very idea.	 And after some work, best nu, they
have found the best nu for this approximation.	Fairly complicated formula. ...squared, square again.
...square, write the m-squared.	[Writing]...	All right.	Maybe I'll just leave it.	...-squared, and...okay.	So that does involve some calculations; all right?
You have to use S1-squared, S2-squared, and do that.	This is obviously is not a very...; all right? So theoretically this is interesting.	If this is the last course you take, this you use this one.	Well, if some sample size is large, we can just use normal
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approximation will be much easier.	The normal distribution then it will work much easier, but then you need a large sample sizes.
Okay.	So this is something good to know, but

it's difficult to apply.

I talk about it, I think because people may...after you estimate the sim-square you have the T distribution, but actually this is not.	And this is approximate.	If you do this, you have the approximate procedure.
Once you have this approximate 2, you cannot obtain the proximate test...nu.
All right? We move on to the next section.	So we have completed discussion on making inferences about the difference of two normal mean.	Inferences about theta and this theta is reissue of two variances, so the ratio of two normal variances. Loathe me write down this, just to remind you.	So when we are considering, one sample [writing] from normal with nu 1...sigma one-squared.
Another sample [writing]...	Normal

distribution, mean mu 2, we...nu-squared (I'm not sure if he's saying mu or nu).
The xs and ys are independent.	This is just

reminding you of the...we had.








So now the inference is about the variances...variances, and we have learned how to make inference about one variance.	So we have learned that this S1-squared and S minus 1 divided by sigma
1-squared this has chi-squared distribution with...m minus 1, so we can use this about...1-squared, obtain...or conducting test; all right?
Similarly for the other one.	[Writing]...	And

just to remind you, these S one-squared and S2-squared are the sample variances.	So S1-squared is
the...first sample (?).	S2 square is sample variance of second sample.
So these are the facts we know already; okay? So basically S1 square bring information
about...square, S2-square bring information about

S2-square.	To make inference about theta, obviously taking...of 2S-squares, provide information for that, and indeed this is true.
So if you take a ratio, this ratio, okay.	This ratio, let's call it F, when you see that, it is -- it has information about theta.	 In fact you can obtain this one [writing]...	 And perhaps you can look at -- look at it this way.	You see, what we want is the theta; right?	[Writing]...	Now I take the ratio of these two, these are the sample version rate.	So








basically this -- there's something you want to...theta.	This is the ice mater (?), and this divided by theta, that's this F.
And this has F distribution with m minus 1...and

n minus degree of freedom.	When I did review, I probably briefly talk about this F distribution, and I will give you a little bit more discussion on F distribution.	So this is called -- the F distribution with -- the F distribution has two degrees of freedom. The first degree of freedom [writing] -- first degree of freedom is called the degree of freedom from the numerator, the second is from the degree of freedom of the denominator; all right?
And since you have -- there is...theta, it has

known distribution, this is known distribution, and this can be used to make inference about theta. Now...a little bit about the F distribution.	So I think when I did the review of the useful distribution, at least I briefly talked about the essentially the F distribution is the distribution of two -- ratio of two chi squared...degrees of freedom. So you can take this as definition.	The F, why is it called the F, F capital from Fisher.		I think his first name is Ronald, one of the founding fathers of statistics.	And he can be linked to statistics, and








lots of things we do right now come from Fisher.	And, for example, maximum...distribution is...the...which we're going to discuss soon also from Fisher, and this distribution F is from Fisher.
All right, and this is definition of F distribution.	Let W1 and W2.	They need to be independent such that W1 has chi-squared distribution with degree of freedom, let's say the nu 1.	W2 also has chi-squared distribution with degrees of freedom nu 2.	So you have two of them, and they're independent, and then the ratio standardized by its
degree of freedom.	...divide by the degree of freedom

respectively.	Let's call it F.	This has F

distribution.	This is the definition, definition of

F.

If you like, you can find the...of this distribution, and use your phone, find it right away if you want it, and certainly we rarely use the...function, and just recognize that the F distribution come from ratio 2 chi-squared essentially, and when we need it, we'll look up the tables.
But the key thing here is you have two degrees

of freedom.	One is in the numerator, the other in the denominator.		The numerator one is also called the








first degree of freedom.	The nominator one, also called the second degree of freedom, two degree of freedom.
Okay.	Because F is a ratio and if you...the

roast of the...that is you flip your numerator and denominator is also a ratio.	So F distribution has this interesting property.	I mean actually it's quite simple, but it is useful.
So if F as a random variable, F distribution nigh 1, nu 2, then 1 over F is also a ratio of a two chi squared random variable.	Standardized by degrees of freedom (nu).
Must also have an F distribution.	But with degrees of freedom, flipped.	It's obvious; right?
You know?	This is F nu 1, nu 2.	If you do the flip, then the W2 and you 2 go to the numerator and that goes to the denominator, so it goes to nu 2 and nu 1. So nothing deep about this.	It's obvious.
But it lead to important result.	And which is quite useful.	[Writing]...	If you think about this, essentially there's some -- mostly straightforward. You see, F, because F follow this distribution, then this is my definition of critical value, F alpha, nu
1, nu 2.	I say this is it F, being always using this

notation; right?	That's alpha.	So this is a








definition of this critical value or counterpoint. This probably is alpha.	Right?	Now, you could...[writing] nu 1, nu 2, this, alpha.	Nothing deep about this, because these are R equivalent.	When you call it equivalent, you're talking about the same event.	It's gist that the two events are expressed differently, because this imply this, this imply that. These are equivalent.
All right.	Since you know that F...also have distribution.	But so this one...F-prime [writing]... This has -- F-prime right there, also has degrees of freedom reversed.		The reverse, then this value got to be [writing]; right?		So this is F, F nu 1, nu 2, the curve may not be the same.	And this is F nu 2, nu 1. That probability is alpha, and that's 1 minus alpha nu2, nu one; right?	So this is equal to that one. That's essentially this, like I say, just got this flipped.
Why this is useful?	The F distribution is fairly complicated, because of the two degrees of freedom.	If you look at the table of distribution, if I think about it, if I want to do the critical value from the normal, I only need one line; right?, normal,
1%, 2.5%, or 5%. ...and so on.	For T distribution, I

need to have a degree of freedom.	Degree of freedom,








then you have this.	For F you have 2 degrees of freedom.	So why the F distribution table is fairly long.	First degree of freedom, seconds degree of freedom, for one level alpha, I need one page.	0.1%,
0.1, you need one page.	You go to 2.5%, you need one page.	Alpha 5%, you need another page.	Soaked degree of freedom.	So this is only for...if you need another page for lower table, another page for lower table, different alpha.	So if I'm going to give you table to use...pages, pages; right?	And with this property, I only need provide you with upper tail probability.
You can use it to obtain the lower table, too critical

values.	I give you the upper 5% critical value, you can obtain lower critical value, 5% using this fact. So that will cut the table by half.	If you have only one...otherwise you only need two.
Okay.	So this F distribution.	So now we need to talk about the inference back to this one [writing]...		M minus 1, n minus 1, I said we can generally use this fact to make inference about theta, to obtain interval and conduct test.	Theta
S1-squared, S2-squared, half alpha [writing] F1 minus
half alpha,M minus 1, n minus 1.	Equals 1 minus alpha.

I think this is the standard procedure for








obtaining...interval since we know there's a...has a known distribution.	We take upper half alpha critical value, and the lower one, and the random variable between the two the probability has to be 1 minus alpha; all right?	And inside the probabilities, give you qualities about theta, I solve for theta, you obtain con...
Solving for theta, solving...solve the

inequalities, I used plural, there's two inequalities here.		...theta.	Okay.	If you use this inequality, you solve for theta, you you will get theta less than or equal to move this, just basically you switch these two.	And I got the upper bound for theta, and we use this inequality, I have 1 over F, half alpha, and this one, and n minus 1...s 1-squared, S2-squared.
Basically you switch these two; okay?

So this is a...for theta.	At least I don't remember this.	If you asked me to do it, I recognize this...distribution.	I read something like this, and I obtain this.	If you like to treat it as final result, use it, and that will be fine.	But I think probably easier to do it this way.
Okay. So this is a two-sided...interval, and we have obtained that. Now it's I think you can do that. Let me just put a question mark here. Can you use








obtain one-sided confidence intervals?	And you can; right?	And look at this result, I think we can write down, write the final result directly.	For example, the upper-bound is going to give this one
-- [indicating]. But I want to change half alpha to alpha; right? Makes sense? The lower-bound will be this one but you change half alpha.
So this is the confidence interval problem.

Now, what about...problem?

The testing problem [writing]...	Let's consider one of them.	So this is to test theta equal tow theta
0, versus theta greater than theta 0.	You use the

same fact, but you do it under the null hypothesis. That's how you obtain test static.	You specialize this F for theta 0, and it has a distribution, and
this is true under H-naught; all right?	Okay.	So the

testing problem is slightly complicated; all right?	I mean although mathematically they're equivalent, but conceptually it's harder, and you have theta 0, you have alternative, you have distribution and...alternatives, so that's complicated, but in any event, the test static obtain from your general fact, you specialize it for the -- under the H-naught, and then also you need to consider under the test static, the behaviour of a test is this.








Under alternative.	So if alternative is true, null hypothesis is true, then this has no...distribution.	If the alternative is true, this value tends to be large.	I think you can look at this way, alternative 2, this is not exactly theta, but you can think of this as if theta.	Theta greater than 0, then F going to be larger.	So larger value provide evidence against H naught, H0, and then we can obtain
a test.	Level alpha test [writing]...	So that's this rejection region.	And if you think about it, compare this with interval problem, this F need to have theta
0 here; all right?

So this is the general problem we talked about, interval for theta and testing theta with...0, and
most commonly we are interested in testing the quality of the 2 sim-squares.	This is probably the problem
you own counter most in practice, but knowing the general procedure suddenly make this understanding -- hope the understanding.
It's this problem [writing]...	H0 theta equal

to 1 versus where there's theta greater than 1.	So basically that is the result of theta equal -- theta 0 equal to 1.	And theta equal to 1, it means [writing]...		Two sim-square are equal.	So this is to test the equivalent of the two variances; right?








Theta is...so theta 1 equivalent to sigma-squared equal to 2-squared (?).
If theta greater than 1, this means this.	So basically...1 is two test...sim-1-squared equal to...versus theta equal to 1, versus...sim-2-squared; all right?
So in this case -- so basically we apply that problem to theta...because theta 0 is equal to 1, F is simply the variable of two variances.	So this is actually the problem most often encountered in practice, which is test two variances are equal.
And obviously when you can do this, you can also

do the test for the other two alternative.	To obtain the test for the other alternatives.		You can do that; right?	In, for example -- maybe I can quickly just do it here.	So if you want to -- let's say we just do this; right?	For the special case.	If you want to test theta equal to 1 versus theta less than 1, then, yeah, sorry.	That should be greater or equal, otherwise it doesn't make sense.	Then the rejection region is this [writing].
That's the rejection region, I use the lower

tail; right? If the alternative is two sided, then you reject [writing] or [writing] okay. I think we know enough that if you learn one of the tests, you








can figure out the other, too; all right?

So this conclude discussion on comparing inference about ratio two variances.
Okay.	1:20.	We'll take 10-minutes break.



[RECESS]



INST BOXIN TANG:	Okay.	Let's do a numerical example.	So maybe I'll write down this [writing].	So I'll give
you some numbers.	[Writing].	I have observed the X

values write down some numbers.	Let's say, 1, 3, 5,

7, 9.	These are good numbers.	And the Y's, 2, 4, again, going to make it significant; all right?, he wrote 6 but said 8, 10, 14, 16, 18.
These are my Xs, these are my Ys; all right?	We are going to use this set of data...this test.
Sim-1-squared equal to sim-2-squared versus

sim-1-squared smaller than sim-2-squared.	So we're going to conduct this test.	(Sigma or sim?
Level alpha 5%, and we didn't prepare for this,

so we're doing on-site, I...with calculation.	Okay. And to conduct this test, we need the two sample variances, S1-squared, S1-squared is the sample variance of the first sample.	First sample has five observations, and I think in this case it's obvious








the average is 5.	I gave you some nice number, the middle one is fine.	So 1 minus 5-squared plus 3 minus
5-squared plus 5 minus 5-squared, police 7 minus

5-squared, plus 9 minus 5-squared.	So this is the

S1-squared.	Is that right?	So that's four-squared,

16.	Another 16 -- maybe do this, 16, that's 4, 20, two of them, 40; right?	40 divided by 4, this is nice, 10.	Did I do this right?
STUDENT:	Yeah, that's correct.

INST BOXIN TANG:	Thank you.		S two-squared, I have six observations here.	I may have a little bit of trouble here.	20, 20, 40, 56.	Divided by 6.	This is the final result?
STUDENT:	No, that's the average.

INST BOXIN TANG:	The mean, the mean, at this.	9.3, 3.

9.33-squared.	[Writing].	Write down this to show how this calculated; all right?	Do you have a number for me?
STUDENT:	Not yet.

OTHER SPEAKER:	I have 42.6, but I think it's wrong.

INST BOXIN TANG:	I want to confirm that.	Maybe I can do it quicker myself.
STUDENT:	I am still dying the math.

INST BOXIN TANG:	Okay.	Let's do it it this way.	Do the sum square of this, and -- I'm going to estimate, if








you're not giving me a number.	So 18-squared is 356,

I think.	16-squared is 256.	Together it's about 600.

700, something like that.	700 divided by 5, it's about 120, 130.	160, 140.		Ep 700, 140. Approximately.
STUDENT:	42.6.

OTHER SPEAKER:	Yeah, I got the same. INST BOXIN TANG:	I doubt it.
FROM THE CLASS:	[Chuckling].

INST BOXIN TANG:	Did you divide this? STUDENT:	I divided by 5.
OTHER SPEAKER:	Oh, I...my clarity calculator.

INST BOXIN TANG:	Think of this as 20; right?, 400,

18-squared 856, I believe.	256.	That's 600, 600,

700, this is negligible.	700 divided by 5, 140.	Do you see?	I think this is very close to the true value.	Definitely closer than 42.
All right, we can use -- the approximation, in

the exam you don't have time to do it the way I do it, you only lose one point; right?	The numerical
mistake.

So so in this case maybe we look at this problem.	The problem is that we test sim-1-squared equal to...correspond to theta equal to 1; right?
Sim-1-squared less sim-2-squared is theta lows than or








equal to 1.	That's the lower tail; right?	Rejection region is F, F is S1-squared over S2-squared.	Because theta is 0 or equal to 1.	And we want to do the test for level alpha.	1 minus alpha.	This.	Okay.	 I'll write down the final exam.		0.95.		Degree of free, 4, and the 6; right?		1 minus alpha, 1 minus alpha, alpha is 5%.	How come I'm seeing confused expressions from you?
STUDENT:	There's a degree of freedom for the --

INST BOXIN TANG:	Oh, okay, that come from here.		Thank you.	 All right, 4.5.	And now I need to find this value.	Find this value [writing].	I think if I use my phone, it will show me the upper tail.	You find it?	Okay.	F distribution table, and I have this, this alpha so I have 5, but that's upper-tail.	So I want to do the lower-tail one .	[Writing].	And I give you this relationship, then I can look at my table.	So the first degree of freedom is 5, second degree is 4, it's right here.	I think I...6.26.
Okay.	So this is about [writing].	0.16).

Approximation; all right?	Punishing F value, S2, 140.	0.07 H-naught is rejected...data; okay? Well, you can continue this problem by obtaining...or obtain the...bound and so on.
Next problem is about two population








proportions.	We have learned how to make inference about single population proportion.	[Writing].	Two binomial.	So first binomial with m trials successful is probably P1.	Second n trials, success is P2, these binomials need to be independent. x and y are independent.
With independent X and Y.	And the problem of interest is to test the two success probability are equal, and we can actually do a more general problem. Interested in making inferences about the differences about this lower-case delta, p 1 minus P2 (P1) and I've used the upper-case...just to make this thing...
And we can -- if we can make inference about the...then obviously we can test P1 equal to P2, that's...special problem. And now basically delta can be tested by corresponding sample proportions.	The P1 is estimated by S over m, this is the sample proportions from first binomial.	Sample proportion, second binomial.
I suppose if you think about it or when you

study, you see I think you probably observed this general pattern of our procedure.	If we talk about the perimeter related to the mean, this is how we proceed.	You start with theta, a perimeter, and then you get its estimator.	And then you get the mean, I








get the variance, and you do this [writing].	So this has T has...and so on.	So this procedure apply to location...and mean and proper proportion.	So we go through this all the time.	Just that sometimes this is known, then you get this directly, normal. Otherwise you make approximate normal.	If this is unknown, you get D, that's basically the idea.	And for still parameter, like sim-squared.	You have lets say phi.	This is a scale parameter (?) you get its estimator, and in this case for scale parameter, you won't be able to get a distribution like this.
Rather, I think we did something like this.	Let's

say).

So here you look at the ratio.	Well, that's the same, but that's -- you see when the theta...you look at the difference.	Well, we need to convert it into standard...variance with this.	So this is the difference, you want the distribution.	You want the distribution...theta.	This is for the location primary.	For the skill parameter, skill parameter (?) what I mean by location, the mean parameter is when -- the parameter is like you -- if you add theta to the data that the data move like this; right?	Just move the data to the right or to the left. So...basically...apply...number.	So the sim-squared








essentially, it's a scales parameter.		So the idea is not look at it but rather the ratio.	So this one, we want that known distribution.	You think about it, you will follow...location parameter, we do this.	Scale parameter, we do this.
In this case this is location parameter.	That's

P1, P2, that's...

So...theta, then we need to calculate the variance.	Variance because X and Y are independent, we have two independent binomial.	Because of
independence, and also because of variance coefficient take on, you need to square that so we get this one. And this is P1 and 1 minus P1 divided by m.	And p2 divide by n.	So is this the variance.
The -- because the data is...but we can approximate the distribution binomial.	...divided by square root of variance, P1, divided by 1-P1...P2 divided by 1-P2.	So when you open this, the whole inference is based on this fact we just need to take care of some minor things. .
To obtain confidence interval -- I see if you want to use this confidence interval, we would like to have...-hat plus minus...alpha plus this standard error.	But this one involve P1 and P2 which are unknown, we can -- use the estimator.








So we can use [writing] approximate standard normal.	So...known standard error.	And we use that one hat +/- that half alpha, because proximate distribution is...normal.	P1-hat [writing]. .
This is approximate, maybe it's better to include that.	Approximate.	Approximate 100...
If you compare the...for single...proportion, I think this is very similar.	Basically here you've got P1-hat and you do not have this term.	Now you get two
terms.

Okay.	Testing problem.

For testing problem, let's look at this problem. Test...we can actually test other values, but this is most practical and important.	Let's do two-sided.	So this is...equal to 0, equivalent to testing 2Ps are equal.	Two P are unequal (?).
The testing problem, we use this fact.	We use it for under the...equal to the delta 0 and the H naught.	 And then this thing.	This one is unknown; right?	And you can do this, but there's a better way of doing it.	The better way of doing it.	[Writing]. Use -- how did I obtain that one?	You see we could just use P1-hat, P2-hat here.	But because under
H-naught, P1 and P2 are equal, so you...have the same

P.	If you have the same P, and then I can obtain the








culminizer for the P2-hat basically (?).

Where this P-hat Is x + Y over m + n, and you can use that to conduct the test level alpha test.
Since alternative is two sided in this case; all

right?	And I want to explain that a little bit.	And why is this?
Maybe I'll just write this [writing].	Under each naught -- the reason.	Under H-naught theta is equal to 0.	It means P1 is equal to P2; right? They're equal.	 If they're equal, then you have one binomial, basically it's this; right?	X is binomial, m...p.		okay.	P is the common 1, it's equal.	And x binomial...p.	Y is binomial...and under H-naught, same P.	 So what this mean is you -- okay, I flip coin, n times.	 And here I flip another coin n times, but I know the two coins have the same probability, then what I'm saying is I flip the same coin M + N times.		So therefore under H-naught, we can estimate this common P [writing].	And the variance of our -- and I don't have it here.	 This is a P1 and [writing] P2...because P1, P2 equal, same P.	How come I have P here.	That's fine.	You have the same P, you have this.	And I estimate P-hat this way, polling in, that's why I have this one -- [indicating].	It's a bit later, by if m and n are now too small, the








results should be very close.

And this is with binomial, things that we're doing approximation; right?	Sometime we do our best, we try to find the best approximation possible
Okay.

I think in the case of 1 binomial, we also see something similar.	And when you get the test take,
you won't do that under H-naught, under H-naught...but

for interval problem, you don't know that, then you have to estimate it.	In this case you don't know exactly, but you can use the knowledge of...estimator for the common P.
Okay, and I'll gist give you two more remarks, and then we can conclude this section.
I have to provide result for two-sided confidence interval, two-sided test.	If you want
one-sided confidence intervals, and one-sided test can be obtained similarly.	And I think it may bother you
a little bit, we're dying the...proportion because of the approximation, we also approximate that way, we
use the estimator for...because approximator will want to do a better job.	I think whenever you don't have a exact result, one can always do better job in terms of doing an approximation.	In fact for binomial case we can do better than what we've been doing, but now








we'll be taught in a more advanced courses.	Let me just say that better methods, this is only the remark for this section of comparing the population proportion.	And also applicable to the single binomial.
In more advanced courses you will learn better

methods than this one.	The basic idea we're not going to talk about, but the basic idea is you see the -- here we are trying to approximate distribution P-hat, but P-hat is sample proportion.	Sample proportion is bounded between 0 and 1.	So...won't be very good; right?	So it would be better to do an approximation after you make a transformation.	 You can work a parameter, bounded parameter to the real line.	It's better to do...that way or do the problem that way.
So maybe I will try down here.	You see this theta is

between 0 and 1.	And you have the P-hat, still between 0 and 1, so with P-hat maybe in the local range it's good.	But in general you don't expect the approximation to be good.
You can do consider something like this. Consider parameter log P over...this is natural log; all right?, so this will convert.	The P between 0 and
1, and then theta, you do -- you transform the P to

the entire...line.	So that's the idea.	So instead of








making inference about P, make it about this theta. Then you get better normal approximation.
In case of two binomials, ratio these two.	You may have heard about this is called...this is called logos ratio, any time you have encountered log that will be just like that.	So that will give you a better approximation.
Okay.	That's all for today.	Next Monday we are

going to have a second quiz okay, you can bring your notes and book, but no Internet access.	It's 50 minutes.
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