






STAT 285 - Feb 5, 2026

..................................................... INST BOXIN TANG:	All right.	Let's get started.	[Waiting
for you]...

[12:32 p.m.]	All right, this quantity has...squared distribution.	Now if we choose 2 tails, I mean two...points, alpha, alpha -- upper alpha N point, and lower alpha, alpha point.	And this
probably has 1 n alpha, and I will tell you what these two value mean.
[Writing]...	The notation is slightly complicated, but we want to use it consistently. [Writing]... and just draw a graph, and then you know what they mean.	So I'm doing a PDF of chi squared distribution, like that, [drawing], so this is chi squared distribution with one degree of freedom, that is the...function.	So chi-square alpha, means this point that the probability this is alpha half here. This is the similar notation that we use t, t -- or standard normal; right?	And we also need this point [drawing]. .
CART CAPTIONER [Catherine]: Sorry, his accent is really

strong.

INST BOXIN TANG:	This probability is this point alpha.

Probably for standard and for t, because
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distribution symmetrical normal t, the upper half

alpha point, and the lower are related, the lower half po point is negative the half upper 1.	But in this case, it is not.	So I have to use something to denote this point so that the probability here is half alpha. To make notation consistent, you see this half alpha means this probability is half alpha.
Now, if the same notation, this one means this

probability from that point to the right-hand side, means one-half alpha.	So that this is half alpha; right?	This is just to have the same notation.	By just look at the graph, and you know what they mean.
All right.

So because probability here is half alpha, probability here is half alpha, therefore the probability in the middle is...half alpha.	And inside probability, this device equality (?) and we can...equality to obtain...squared.
Solving the inequalities, two of them, solving for...squared, we obtain this interval [writing]... There are two equality here, sometimes we are not used to it, but you always think of it this way, there's
two inequalities, just write it together.	This is one unequality.	This is one equality, so far you can basically switch these two...squared greater than








-1S-squared, divided by [writing]...	So that come from this inequality; all right?	Now you solve...squared using this inequality, because...square is smaller than [writing].
Okay.	So this is the...for...square; all right? With this one, I'm going to give a remark on
this.	You can't write this interval in a form that is the estimator plus minus, just like the for the mean, because the distribution at that time is symmetrical, this one is not symmetrical.
If you find it difficult to remember, you start from here, start from here and that one naturally follow just one step.	This is very intuitive; all right?	This may not be that intuitive if you look at the result.
But if you somehow you remembered the formula,

just don't know which is which, then that's easy to figure out, because this is the upper-bound, this need to be smaller than this -- [indicating].	So that this is bigger, and that's -- this is smaller than this because it's here -- [pointing] --.
So if you do the wrong way, then you get the

number here smaller than that number, that won't make sense; right?
Okay.	So this is con...for...but if you want








come...it's just one step further.	A sigma [writing]... then it is -- you already got the...for sigma squared, so you can just take the square root, both sides [writing].
And this is not formula to memorize, first

you've got this one, and you take three sides.	Square root here, here, and here.	You can do that because square function or square root function is increasing function; right?	If the increasing function, then the inequality change direction.
This is like, you know, a less than b, if both positive, then this is true; right? [Writing]... n being...positive.
Okay

STUDENT:	So with the pi square alpha divided by 2, n minus 1 we find the...; right? These you can find it from the table here.
STUDENT:	Okay.

INST BOXIN TANG:	If you worry about the exam, in the exam you will be provided with a table...table.	If in assignment, then you can actually get computer to do it, and you can actually -- the table only give you some...upper values.	If you use computer, you can
find these values for O...actually.

In the old days I spent a little bit of time on








using R for the distribution, but these days I think that we have some R courses; right?, you must have taken it, so there's no need for me to repeat those. In R, you can calculate for every distribution, there are I think four functions for of every distribution, normal...you can...function, you can calculate the probability...normal, you can calculate the quantile, these are like the quantile...you probably find the
location, the nonfunction is to generate a number from that distribution.
I have briefly alluded to this, this is a more formal one.	The...from mu have this form [writing]... Plus minus, and I -- it include all possibilities.
From mu +/- something, and it depends

on...squared...anyway, this one...error.	This is

x-bar...so it's basically the idea of a...in the case of mu, you use...isomer, you...you have this form, and this is because the distribution we used to obtain those -- either...normal or t distribution, they are symmetrical.	But for sim-squared, the...it does not have this form.	Does not have the form of sim-squared estimator...actually S [writing]...	You see we didn't do that; right?	If you viewed the same idea, you
would get this is a sim-squared hat is S-squared, plus

minus something, didn't do that.	This is because we








didn't -- we don't have the fact that X-squared minus something, have known distribution.	Rather the known distribution comes from this one [writing]...	This has known distribution; right?	In order to have a...that form, you should have something like this, this has known distribution.	And this has known
distribution, then you will get a...formula like that. But this is not true.
So this is not true, therefore we don't get a...this formal.
But if you think a little bit deeper, it doesn't have to be very deep, you can actually see the common idea.	The common idea donate have to be the plus or minus, it can be the estimator divided by the...known distribution.	So essentially it is this idea to
obtain the common interval, you need a quantity.	This

quantity depends on both data and the unknown parameter.	And this...has known distribution.	This is now static, is...depend on both data and unknown parameter.	It has known distribution, and there's a
name for the quantity like that, called the pivot, and basically you can use pivot to obtain common interval.
So that's not the material we want to spend too much time on, and in more advanced course, I think you will learn that.	But I think I actually see the








connection between the two ideas, the idea of...coming...from Sim-squared.	You can...a quantity, it depends on the data, as well as parameter so it has known distribution.
So that's one.	I mean logically I should have a detailed discussion on this, but this is not very common, but in theory...and I have obtained...for
sim-squared knowing that sim-squared is -- I mean

provided sim-squared is unknown -- sorry, mu is unknown, if mu is unknown, we can do something different which is slightly better.	But this situation rarely happening in practice.	You know the mu, and you don't know sim-squared...interval for
sim-squared.

But suppose this is the case [writing]... you can -- we can use this one to obtain [writing]... sigma square.
You see the -- when mu is unknown, [writing]...

this is S-squared, we use this to estimate

sigma-square because mu is unknown, so we use this

x-bar.	If mu is known, [writing]... we can use that one to estimate sigma-square.
If mu is unknown, you can't use it; all right? Because it depends on unknown parameter.	This is actually much more straightforward than that one








-- [pointing] --.

Here you can take...on both sides, obviously

it's sim-squared, if mu is known, we can use that, but if it's unknown we replaced by x-bar, but after we do that, and this is no longer unbiased, you actually
need to divide by n minus 1, it's actually more

natural to use that one if mu is known.	And then -- also easy to see that this quantity divided by
sim-squared has chi square distribution.	This is actually very easy to see because x i minus mu...it has...normal.	So clearly this is some-square standard normal distribution, chi-square...degrees of freedom.
Let me just say that this interval is slightly better than the one from using [writing]... That is this one.
Sometimes you don't see it in the textbook.	It

is because this situation really, you know, happen rarely that you know mu and you want to make inference...-squared.
But it's something good to know; right?	I think

it will help you to understand...

Are there any questions?	Okay.

And we go on to a new topic.	 This is the next section, section 3 of the chapter.	One-sided confidence interval.








And prediction intervals.

The confidence interval we have discussed so far as a lower limit and upper limit...lower-bound and upper-bound.	But sometimes we don't really care about lower-bound, we just want upper-bound.	In other application we want lower-bound, we don't need the upper-bound.	I'll give you an example.	 For example, the water quality; right?	Some pollutants, and to be safe, the percentage of pollutants have to be lower than something.	In this case we like to have
upper-bound.	Upper-bound because if I know the

upper-bound does not exceed the safety limit, then my water is safe.	The lower-bound, I don't need it because the lower the better; right?	I don't really care about the lower-bound.	You can...have a situation where the lower-bound is more important.
So in this case we should devote all of our effort to obtaining one-sided confidence interval rather than two-sided interval.
Gives both lower and upper bounds for an unknown

parameter.	In some applications, only one of them is needed.	So for this consideration, leads to one-sided
CI.

Probably put the hyphen, it's a little bit better.








When you say two sided confidence interval, I mean it's otherwise I may not need the lower-bound. I've got both, so I'm still good; right? I can use
the upper 1.	But I'm saying that because you use your

data, your effort to obtain both, if one of them is not needed, you're wasting resources.	If...all my effort to obtain confidence interval, I can do a better job, so that's the idea.
Okay.	All right.	...confidence interval from mu, and, again, start from this [writing]... random sample from normal population.
I'm also to...unknown sim-squared separately.

[Writing]...	When sim-squared is known, STUDENT:	One-sided confidence interval for -- INST BOXIN TANG:	For mu.
STUDENT:	Okay, thanks.

INST BOXIN TANG:	Thank you.

All right.	Let's revisit how we obtain

two-sided confidence interval.	We do it this way [writing]...	So when sim-squared known, we can use the sigma here.	We use this [writing]... obtain two sided confidence interval.	This is two-sided confidence interval for mu.		If we would just modify this one a little bit, instead of doing two equality, we can obtain one-sided confidence interval.	For








example, we take this one -- [indicating] [writing]... because my goal is...one minus alpha.	This alpha is general, you can always try to understand it using 95% confidence interval, so alpha is 5%, you keep that in mind, you want 95, you use alpha 5%.
I still want confidence probability 95%, so I

want 1 minus alpha, if I want probability one minus alpha, I only do one sided, this is probably Z alpha
is 1 minus alpha, because I don't need to do the other side.	It's like this.	The standard normal, standard normal [writing]... I only want this one alpha.	So
the standard normal random variable is less than Z

alpha, I've got a probability of 1 minus alpha.

And...equality...probability, [writing]... you see that we will obtain [writing]... one-sided -- this is actually lower confidence bound, and I am going to use CB to obtain the confidence bound for mu.
Here we want to solve for mu, you solve for mu,

you switch -- you multiply both sides you've got this one, and then you move to the mu to the right-hand side to the left-hand side, and then you have mu greater than x-bar minus that alpha sigma over n.
So this is lower confidence-bound for mu.	And a similar idea we can obtain upper confidence-bound.
[Writing]... we can do the other way, and this








will obtain [writing]... upper confidence-bound for mu.	[Writing]... well, in practice obviously if you only consider with one siding, you only do one-side. If you want upper-bound, you do this one, if you want lower-bound, you do this one.	If you want both, you use the communal, both side that we learned earlier.
The question why bother, we briefly talk about, I put my discussion in a remark.	You will see that.
So this is the upper confidence-bound, which...1 minus alpha.	And we want to see how this compare with the bound we obtain from two-sided confidence interval.
Two-sided you've got the upper-bound, you've got the

lower-bound.	It seems better because you've got both. But as upper-bound, I'm seeing that this is better
-- [pointing] --.	This is sharper, sharper upper-bound than this one [writing].
Okay.	Sharper here means measure (or better?) if for unknown quantity, let's say you're really curious about someone's salary, how much they earn, and you have no idea, but you can obtain upper-bound.
Let's say your upper-bound is 100,000; all right?	You have 95% confidence, and I gave you upper-bound is -- did I say 100,000?	100,000, let's say I give
upper-bound 90,000, which upper-bound is more

informative?	90,000 is sharper, is better-bound.	If








we don't really care about whether the bound good now, you just take very large number, 180 or a trillion dollars, that's not useful.	So to obtain the
upper-bound, the smaller the upper-bound, the better.

Makes sense?

And I say this is sharper than this because this is smaller than this.	Is it obvious, if you think about it?	Yeah.	Let's do a picture, do a picture. [Drawing].		So let's say this is half alpha.	So in order to have alpha, this [writing]... this Z alpha
has to be smaller; right?	So that the whole thing is alpha.	So this whole thing has to be here on the
left-hand side of this one.	So this is smaller than this, therefore this bound is smaller than this bound. Therefore it's better bound, a sharper bound; all
right?

I think for us maybe I say better bound is

better than the sharp bound I think the mathematicians like to talk about
STUDENT:	So it's sharper, is it because it's closer to

the mean?

INST BOXIN TANG:	It's true, but I think it's easier to understand that you want something upper-bound, the smaller bound the better bound basically.	It is indeed closer to the mean.








Okay, I can make similar comment for the

lower-bound.	This is sharper lower-bound than this one [writing]... .
And this is bigger than this.	Lower-bound the

larger the better...

Okay.	So this is the case for...sim-squared. Unknown sim-squared...we will result directly.
And I think actually that we should use

more...confidence bound more often.	In practice we actually do really terrible one-side in many applications.	There's certain things that the higher the better, we just don't want it to drop below a certain point.	 I think our power, we don't want the voltage, then the appliances wont work, so we want to make sure it doesn't drop to a certain point.	In this case you really care about lower-bound, actually.
Okay, the sim-squared is unknown.	We discussed the same sim-squared is unknown, it's just that the discussion is simpler.	I think...understand; all
right?

Let me just say similar to the discussion we have done preceding discussion, we can obtain a...unknown sim-squared lower confidence-bound for mu [writing]... and upper -- this should be mu [writing]...	Okay.	So once you understand this, it's








very easy to obtain.	You just take the two sided, and if you want the upper-bound, you take the upper one
and you turn alpha to alpha.

If you wanted the lower-bound, you change the half alpha to alpha.	It's as simple as that.
We're going through some details so that we

really appreciate it and understand why it works.

Look like -- I think we need time for a break. Next we will discuss...sigma-squared, and also look at prediction intervals.


[RECESS]



INST BOXIN TANG:	Next we'll look at one-sided CI for sigma-squared.	I give you the result directly.	The idea, the method is very similar to what we have done. Lower confidence-bound [writing]...	You can convince yourself by using the inequality to obtain this one,
or you can look at the lower limit in the two-sided confidence interval and use that one to change the half alpha to alpha; right?	So that will make it easier.	And two sided confidence interval the lower limit is half alpha, you change it to alpha, you get the lower-bound.
[Writing]...	Upper-bound [writing]... minus








alpha and minus 1.	Similar idea; all right?	Change half alpha to alpha.
All right, so this conclude the discussion on one-sided confidence interval from mu and for
sim-squared.	And I don't need to bother to write

down.	If you want the confidence-bound for sigma, you just take a square root.	That's obvious.	Lower confidence-bound for sigma, you take square root on both sides.	Alpha confidence-bound for sigma, you
take square root on both sides.

All right.	Last topic for this section. Prediction interval.	Prediction interval is for future observation.
And let me write down the set-up just like

before.	We have a random sample.	I want to be consistent.	[Writing]... ...the mu is unknown, we will look at the case, known sim-squared and unknown sim-squared separately.
You previously -- this mu is unknown parameter, so...interval for it, but this time we want to do something different.	We want to predict a future observation.	So we have observed observations.	The next observation, want to say something about it.
Here we have different objective to predict the

next observation.	So these are available observed.








The next one we do not know yet.	It's the future.

Next observation, let's use an Xn + 1 to note the future observation.	Why it's the future, because we do not know that yet.		Because it is yet to be observed.
So this is...filter; right?	And we are facing

this problem all the time.	Like the weather forecast, and investors, they want to predict tomorrow's stock market.	Given what they know already, they want to predict the future.
Okay, how do we predict future?	Well, if

nothing else, the only thing available is this mu.	We would use mu -- you can't really do better than that. This, we know -- this observation from the...population, it has a mean view...square.	To predict random variable, the best to do is its mean, its mu.	But we don't know mu.	We don't know mu, we have to use the -- its estimator is X-bar, this x-bar is the sample mean [writing]... and I'm writing it out to make sure that this sample mean is based on the known observations.	So x and + 1 is not included; all right?, so this is sample mean based on known observation.
A few words about terminology.	For unknown

parameter mu, we say "estimate".	If you don't flow,








you estimate; all right?	If something's random, it could have been run away van (?) you predict, you don't estimate.	But if you think these two are similar, you use one word, your own thinking, that's okay, but when you write, communicating with others,
it's better to make that distinction.	We estimate the

unknown, we predict a random variable.

So we use this to predict.	Having...predictor, it's not good enough.	We like to have an interval, and the resulting interval is called prediction interval.
Okay.	And this is how the prediction interval

is obtained.	This is the future to be predicted, this is the -- our predictor.	The difference is the prediction error; right?
There's the...to be committed, is this equal to

0, now we make perfect prediction.	If the difference is large, then prediction is poor.	So by looking at the difference, that give us...we want to do something about this prediction error that will lead to prediction interval.
Let's calculate the mean, D is prediction error.

[Writing]...	Okay, let me ask you just make sure you're with me.	An expectation n minus 1.	This is a observation from the same population, same normal








population with mean mu...sim-squared.	So that come from the same population, the mean is mu.
The sample means expectation we know that long ago, is also mu, so it's 0.	So our error is zero, actually.	You can predict on average zero means that you may overpredict or underpredict on average.
And I'll calculate the variance of this prediction error.	Can someone tell me why this is true?	You will have linear combination; right?
...minus is another one, you get the variance first

plus variance second is coefficient...-squared, and so you've got that one.	And in general, we should
include covariance term.	The covariance of these two, you would consider in general.	In this case the covariance is 0, covariance 0 because -- anyone?
These Xs are ID, also independent, they are

independent observations.	So I make a future observation...so the x n + 1 independent of the whole thing therefore independent of x-bar.	...because of independence, no covariance.
Sim-squared, sample variance is the permanent...divided by the sample size.
And this is 1-plus n-plus 1 over n, just to simplify.	And all these Xs are normal.	And I talk about normal random variables, any linear combination








is still normal.	Always normal.	So these normal, we know its mean, we know its variance, therefore we obtain this.	[Writing]...	So this D has normal distribution with mean 0 variance 1-plus 1 over n sigma-square.		So the prediction error has this distribution.		Normal is mean 0, 1 plus 1 over
n-squared.

Or equivalently, D divided by subject mean which is 0, divided by its standard error, which is square root of variance, plus I have a standard normal distribution; right?
And...this fact to obtain prediction interval.

The D...[writing]... must be...alpha.	This is D; right?	X minus 1...this whole thing standard normal, therefore...two points...
So this idea similar to what we have done when

we obtained confidence interval.

And here we got this inequality.	If you recall our goal is to say something about the future observation Xn + 1, so this give equality involving Xn
+ 1, and solving these inequalities, we can obtain interval for Xn + 1.
Solving for Xn + 1.	[Writing]...	Prediction interval.	...we use the acronym PI for Xn + 1, which is this [writing]...	Sigma-squared, sigma here.








...X-bar minus...alpha sigma.	So this is prediction.	Or if you want to write down -- because this is symmetric, X-bar +/- alpha sigma, 1 square root 1 minus n.
This is where it's known.	When it's unknown you can't use it.	And we know how to do that.
[Writing]...	Prediction interval [writing]... for the sim-squared...case we -- for this one you can also do the detail and very similar idea.	And I give you result directly, and basically...when the sim-square
is unknown, you replace it with the estimator which is

S, and then Z become t.

While the confidence interval, they serve different purposes.	You can't really compare them because they are doing different things; right? Confidence interval is for the mean...mean mu, prediction interval are for future observations.
But we can still look at them to gain some

insights.

It's not to -- the following discussion is not to compare...to see which one is better, because you can't really say which one is better, they are for different things.
We compare them to gain some insight.

[Writing]... discussion.	To make it simple, I could








do it for the known case sim-squared and unknown

sim-squared.	But to make simple, we only consider the case of known sim-squared, because it's easier.
And the discussion equal apply to the situation

of unknown sim-square.

Let me write down the confidence interval for mu. The confidence interval for mu is [writing]... sigma over square root n.
Prediction interval are X and plus 1.	As I said, they are for different purposes, not compare them to see which is better, rather, just look at the intervals.
The first question is which of the two is shorter?	Which of the two is wider.	Tell me which of the two, this is CI, this is PI, which one is shorter? This one?
STUDENT:	I think so.

INST BOXIN TANG:	That's correct.	This is shorter.	This is longer.
But generally we say wider.	This one is wider

because this is the half of the length; right?	Or half the width.	But this one is square root n,
maybe -- maybe this one if you write it this way, they will make them look similar.
Square root -- this is square root -- one over








plus 1, so this is bigger, obviously bigger than this. This is wider.
The prediction interval, and not just wired,

it's much wider; right?, this is one over...relatively small if you...n equal 5, this is 2.	So this is much wider than the confidence interval.
Simple fact, you just look at it.	The reason we want to discuss this is it makes lots of sense if you think about it.	Why it makes sense, the confidence interval is aiming at capture mu, or you use a net to capture a mu.
...interval, you use a net to capture X and n +

1.	The mu is unknown parameter, it does not move. It's stationary.	X and n + 1 is a moving target.	To capture a moving target, with similar confidence, you have to use much larger net.	It makes sense?	The mu does not move, X and + 1 is moving.
This makes a lot of sense because the PI is

attempting to capture a moving target, and the confidence interval [writing]... capture therefore you do need much larger interval to do that, with similar level confidence.	We want to have -- you know, to accomplish that task with high probability, 95% for capture.	So you need a much larger net for moving target.








And we can eastern gain further insight if we look at extreme situation.	[Writing]...	Let's consider this extreme situation.	...extreme, but I say extreme probably is a little bit too much.	Let's
say a situation that we know mu.	We know the mean, we want to -- well, sim-square is also known.	Suppose we know mu.	If we know mu, do we need a confidence interval for mu?	You don't need it, if you want interval, you can make the interval as strong as you want.	We know the exact value, there's no confidence needed; right?
So in this case no CI is needed for mu.	No mu

needed because we know mu already.	The confidence interval is in at trying to capture, obtain interval for unknown quantity.	If you know it, no need to do
it.

But even you know mu, the future observations still uncertain; right?, still don't know before you actually observe it.	Prediction interval, we can actually do it, if we want.	Would be mu +/- sigma. And one can see that if you going through the derivation...interval in this case.	Maybe I'll do a little bit here.
So you would use mu to predict -- or suppose mu

is known, you want to predict X n + 1, you can use mu








to do it.	But the reason we used X-bar earlier, because you don't know mu, if you know mu, you to us
to predict Xn + 1.	So this is the prediction error in this case.	The prediction error.
Very easily, it has mean 0.	You take mean expectation...the variance is simply sim-squared.
Earlier you have X-bar here, so that contributes to variance.	This time...to mu because it's a constant.	So Xn + 1 minus mu has...mean
square...sim-squared.

You use this idea [writing]... -- I already got sigma.	I don't need...square root.
This is one...then you solve...solving for Xn +

1, you would get this one -- [pointing] --.

So even we know mu, we still have this interval. The future still uncertain.	The future still uncertain.	It is...suddenly if sim-square is 0, then any observation will be just mu, there's no random fluctuation.
Look like I will let you go earlier.	I could

continue, but I -- that's all I have prepared for today.	Yeah, why not, have a shorter lecture.	Okay?
Any questions?	Good, otherwise, we are done for today unless you really want me to continue, I can do it without my notes.
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